In the present paper we extend the Riemann-Roch formalism to structure algebras of moment graphs. We introduce and study the Chern character and pushforwards for twisted fibrations of moment graphs. We prove an analogue of the Riemann-Roch theorem for moment graphs. As an application, we obtain the Riemann-Roch type theorem for equivariant K-theory of some Kac-Moody flag varieties.
Introduction
Moment graphs are combinatorial gadgets arising as labelled one-skeleta of torus actions on (non-necessarily smooth) varieties. In most of the cases they encode all the necessary data to describe equivariant generalized cohomology theories in different settings (see, for instance, [CS74] , [GKM] , [HHH] , [DLZ] ). For example, the explicit combinatorial description which one obtains using localization techniques has allowed Tymoczko [Ty08] to study the symmetric group dot-action on Hessenberg varieties.
If the variety also admits a stratification which is compatible with the torus action, then the closure inclusion relation among strata induces an orientation on the edges of the corresponding moment graph. Braden and MacPherson [BM01] showed that moment graphs arising in this way can be applied to determine the stalks of the equivariant intersection cohomology complexes. In this occasion they defined the notion of sheaves on moment graphs. Braden-MacPherson's result was further extended and developed by Fiebig and Williamson [FW14] to determine the stalks of indecomposable parity sheaves. Thanks to representation theoretical role of intersection cohomology and parity sheaves, the moment graph theory has become an important tool in modern representation theory (see the survey [Fi16] for some of the applications). Moreover, it provides a realization of the category of Soergel bimodules associted with any Coxeter group (see [Fi08] ), as well as allowing to categorify some properties of Kazhdan-Lusztig polynomials (see [La12, La15] ).
While developing tools needed for the representation theoretical applications, Fiebig realized that it was possible to carry the theory of sheaves on moment graphs in an axiomatic way, so that several sheaf theoretical notions where adapted to the moment graph setting without any need of an actual geometry. This allows one, for example, to define the analogue of IC-sheaves for a moment graph associated to any Coxeter system (the so-called BMP-sheaves), leading Fiebig to the above-mentioned moment graph realization of Soergel bimodules. On the other hand, pullbacks of moment graph morphisms between the corresponding categories of sheaves (see [La12] ) provide a fundamental tool to categorify equalities among Kazhdan-Lusztig polynomials.
In this paper, we aim to further develop moment graph analogues of classical topological/geometric tools. Namely, we intend to extend the general Riemann-Roch formalism to the moment graph settings. Observe that given a moment graph it is indeed possible to construct the corresponding additive and multiplicative structure algebras. In the case of a moment graph arising as a one-skeleton of a torus action on a nice enough variety, these coincide with the equivariant cohomology and K-theory, respectively. Given a moment graph morphism (see Definition 2.4), one would like to define pullbacks and pushfowards between the corresponding structure algebras. We therefore introduce the notion of (twisted) pullback and of pushfoward along a (twisted) fibration. For the reader familiar with flag varieties, the latter notion is the moment graph generalization of the fibration corresponding to the quotient morphism from the variety of complete flags to a variety of partial flags. As a first consequence of our constructions, we are able to define a divided difference operator on the structure algebra of a moment graph having a special matching, and satisfying some extra assumption (see Definition 2.11). Special matchings have played an important role in proving special cases of the invariance conjecture for Kazhdan-Lusztig polynomials (see, for example, [Br04] ), so that we believe that the notion of divided difference operator in this setting might be of some interest to algebraic combinatorialists.
In order to state and prove the Riemann-Roch type theorem in the moment graph setting, we introduce the truncated Chern character ch i : Z m (G) → Z a (G) between the structure algebras of the moment graph G by gluing the respective exponential maps over the fixed loci (see §5). Observe that this idea has been successfully applied before in different contexts, e.g. in the settings of the equivariant Riemann-Roch theorem for equivariant K-theory (see [EG00] ), for bivariant operational K-theory (see [AGP] ), for cohomological operations on equivariant oriented cohomology of flag varieties (see [Za20] ). We then show that ch commutes with characteristic maps and pullbacks. As for pushforwards, our main result (Theorem 5.5) -the analogue of the Riemann-Roch theorem for moment graphs -says that the push-forward π ξ * for a twisted fibration π ξ commutes with the Chern character up to a multiple by the respective Todd genus td ξ i of G (another interesting geometric invariant of the moment graph). Namely, we prove that for any z ∈ Z m (G) there is the following Riemann-Roch type formula:
Applying our result to the case of Kac-Moody flag varieties, we obtain the respective equivariant Riemann-Roch theorem for fibrations of the type G/B → G/P , where G ⊇ P ⊇ B are a Kac-Moody group, its parabolic and Borel subgroups, respectively.
Organization of the paper. In Section 2 we recall definitions and provide examples of moment graphs and of morphisms among them, we then discuss quotients of moment graphs. In Section 3 we study structure algebras and their behaviour with respect to characteristic maps and filtrations; we introduce twisted pull-backs. Section 4 is dedicated to the construction of push-forwards maps induced by twisted fibrations of moment graphs (Proposition 4.9); we prove the projection formula (Corollary 4.11) and produce analogues of push-pull operators on moment graphs. In Section 5 we introduce the Chern character between structure algebras of moment graphs (Proposition 5.1); we study its properties with respect to characteristic maps, pull-backs and forgetful maps (Lemma 5.2, 5.3 and 5.4). We state and prove our main result (Theorem 5.5). In Section 6 we apply our theorem to Kac 
Moment graphs and their quotients
In the present section we recall the definition and provide examples of moment graphs and morphisms among them. We introduce the notion of a monodromy of a moment graph in 2.6. We then discuss quotients of moment graphs modulo certain equivalence relations. In particular, we study relations and quotients associated to special matchings in 2.11.
Definitions and examples.
Let Λ be a lattice (a free abelian group of finite rank). We denote by Λ ∅ the subset of non-zero elements of Λ. We recall the definition of a moment graph on a lattice Λ from [La12] :
V is a set of vertices together with a partial order '≤', i.e. we are given a poset (V, ≤). (MG2) E is a set of directed edges labelled by a nonzero element of Λ via the label
direction of edges
respects the partial order.
Remark 2.2. Observe that (MG2) and (MG3) imply that the graph does not have multiple edges or self-loops: (MG2) disallows several edges between the same two vertices in the same direction, and (MG3) disallows pairs of edges between two vertices in the opposite directions and self-loops. Also, (MG3) implies that G has no directed cycles. Observe also that the direction of edges in G is uniquely determined by the partial order '≤'. where s α is the reflection corresponding to the positive root α, define a moment graph on the root lattice Λ r = Span Z (Φ) called the Bruhat moment graph and denoted G(W ). Moreover, let Θ be a subset of Π and let W Θ be the (parabolic) subgroup generated by reflections corresponding to the roots from Θ. Let W Θ denote the subset of minimal coset representatives of W/W Θ (such representatives are unique). Consider the restricted Bruhat poset (W Θ , ≤). The data
where w denotes the minimal coset representative of the coset wW Θ , define a moment graph on the same root lattice Λ r called the parabolic Bruhat moment graph and denoted G(W Θ ).
As examples one can also take full subgraphs of G(W Θ ) corresponding to Bruhat intervals [v, w] on W Θ with vertices {u ∈ W Θ | v ≤ u ≤ w}, or graphs corresponding to double cosets of W (see [DLZ, §4] for details).
Moment graph morphisms.
Given an edge x → y or y → x we will use the notation x − − y if we are only considering the underlying edge without orientation. We recall the definition of moment graph morphisms and isomorphisms. 
is an isomorphism if and only if the following two conditions hold:
We will need the following
Observe that a G-monodromy {ξ v } v∈V which satisfies (MR2a), i.e.
2.3. Quotient graphs. Given a moment graph G = (V, ≤), l : E → Λ ∅ we introduce the notion of quotient of G as follows. First, we choose an equivalence relation on V which is compatible with the structure of a moment graph:
Definition 2.7. Let '∼' be an equivalence relation on V . We say that '∼' is G-compatible if the following two conditions are satisfied:
Then we take a quotient of G with respect to this equivalence relation:
Observe that when '∼' is trivial, i.e. v ∼ w for all v, w ∈ V , then V ∼ on Λ consists of one point only, together with the lattice Λ (E ∼ is an empty set and there is no label function).
Finally, we show that the graph obtained in such a way is a moment graph:
Lemma 2.9. Given a moment graph G and a G-compatible equivalence relation '∼', the quotient G ∼ is a moment graph on Λ.
Proof. It reduces to show that G ∼ has no oriented cycles. Indeed, suppose there is an oriented 
is a G-compatible equivalence relation and G ∼ can be identified with G(W Θ ), the parabolic Bruhat moment graph from Example 2.3.
We will use the following notion introduced in [Br04]:
By a special matching of V we call a (set) bijection M :
Lemma 2.12. Given a moment graph G = (V, ≤), l : E → Λ ∅ assume that the poset (V, ≤) admits a special matching such that if v → w ∈ E, then
Then there is a G-compatible equivalence relation on V with equivalence classes given by
where v, w ∈ W is the Bruhat interval which is stable under the right multiplication by a simple reflection s. Then M (u) := us for any u ∈ [v, w] defines a special matching which satisfies both (i) and (ii) of the lemma.
Structure algebras of moment graphs
In this section we introduce structure algebras associated to the symmetric algebra and the group ring of a lattice Λ, respectively. We study its behaviour with respect to characteristic maps and filtrations. We then discuss twisted pull-back maps induced by morphisms of moment graphs and monodromies.
Two filtrations. Consider the two covariant functors
from the category of lattices (free finitely generated abelian groups) to the category of commutative rings given by taking the symmetric algebra and the group ring of a lattice Λ, respectively. By definition, the i-th graded component S i (Λ) is additively generated by monomials λ 1 λ 2 . . . λ i with λ j ∈ Λ and the group ring Z[Λ] is additively generated by exponents e λ , λ ∈ Λ. Let I a and I m denote the kernels of the augmentation maps ǫ a : S * (Λ) → Z and ǫ m : Z[Λ] → Z given by λ → 0. By definition, the ideal I a consists of polynomials with trivial constant terms and the ideal I m is generated by differences (1 − e −λ ), λ ∈ Λ. Consider the respective I-adic filtrations:
The augmentation maps ǫ a and ǫ m are given by ǫ a : x → 0 and ǫ m : t → 1.
We have I a = (x) and I m is additively generated by differences (1 − t n ), n ∈ Z.
3.2. Structure algebras and characteristic maps. We are ready to introduce the following central object of the present paper:
Definition 3.2. Let G = (V, ≤), l : E → Λ ∅ be a moment graph on Λ. Consider the algebras S = Z[Λ] or S = S * (Λ). By a structure algebra of G we call the S-submodule
with the coordinate-wise multiplication, where x λ = 1 − e −λ for S = Z[Λ] and x λ = λ for S = S * (Λ). In the first case we denote it by Z m (G) and in the second case by Z a (G).
The grading of S * (Λ) induces a natural grading on the structure algebra Z a (G). We denote by Z i a (G) its ith-graded homogeneous component. Observe that the algebra Z m (G) is not necessarily graded but only filtered. The I m -adic filtration on Z[Λ] induces the (coordinate-wise) filtration on Z m (G).
Remark 3.3. The structure algebra Z a (G) appears naturally as ring of global sections of the so called structure sheaf on moment graph. It also computes the Tequivariant Chow ring/singular cohomology in the case of a flag variety [KK86] . On the other side, the structure algebra Z m (G) can be viewed as K-theoretic version of Z a (G) as it computes the T -equivariant K-theory of a flag variety [KK90] . We refer to Section 6 for a more detailed description of these structure algebras in the context of equivariant cohomology/K-theory.
For any automorphism of the lattice Λ we denote by the same symbol the induced automorphism of S.
Example 3.5. If ξ = {id v } v∈V , then the ξ-characteristic map is nothing but the structure map
Let G = G(W ) be a Bruhat moment graph and let ξ = {ξ w } w∈W , where ξ w is the automorphism of the root lattice Λ = Λ r given by the W -action ξ w (λ) := w(λ). Then the ξ-characteristic map coincides with the characteristic map on structure algebras of [Fi08, §4].
3.3. Pullbacks. We extend the notion of a pull-back map for an equivariant cohomology to the setup of structure algebras as follows:
Then there is a ring homomorphism between structure algebras given by
which we call a pull-back map induced by f and twisted by ξ.
. Then z fV (v) = z fV (w) = z and by (1) we obtain
, and hence by (1) and by the hypothesis on ξ v we obtain 
By the results of [KK86, KK90] this map coincides with the pull-back on the T -equivariant Chow ring/cohomology (resp. K-theory) induced by the usual projection G/B → G/P Θ .
Push-forwards on structure algebras
In the present section we introduce and study push-forwards on structure algebras induced by fibrations of moment graphs. First, we introduce the notion of a fibration of moment graphs. Then, twisting it by a monodromy ξ we obtain the so called ξ-fibration. Given a regular ξ-fibration we construct the push-forward map and prove the projection formula. Finally, for fibrations associated to special matchings, we produce analogues of push-pull operators on moment graphs. 4.1. Fibrations. Given a moment graph G = (V, ≤), l : E → Λ ∅ and a Gcompatible equivalence relation '∼' consider the morphism of (oriented labelled) graphs π : G → G ∼ induced by the quotient set map v → [v].
Definition 4.1. Consider the moment graph obtained as a full subgraph of G by restricting the vertex set to the equivalence class [v] . We call it the fibre of π at [v] and denote it by G [v] .
We say that the quotient morphism π is a fibration if for any 
Fibers and monodromy.
Given v ∈ V consider the multi-set of labels L v of edges adjacent to v, i.e.
We denote by L v,∼ its subset entirely contained in the fibre G [v] , i.e.
We denote by −L v,∼ the multi-set {−l(v − − w) | v − − w ∈ E, v ∼ w} respectively. We assume that all moment graphs are locally finite, that is for any where the products are in S * (Λ). In particular, for any γ ∈ L y,∼ we have
Then for any y → y ′ ∈ E with y ′ ∈ [v] the following two conditions hold: Denote by Φ Θ + the product β∈Φ Θ + β. Since u( Φ Θ + ) = (−1) ℓ(u) ( Φ Θ + ) for any u ∈ W Θ , the property (CF1) follows. By definition we have
therefore, the cardinality #N ξ y coincides with the length ℓ(u) of u. Suppose that y → y ′ ∈ E and y ′ ∈ [v], then y = s α y ′ and y ′ = vu ′ , u ′ ∈ W Θ . Therefore, vu = s α vu ′ which implies that u ′ = s v −1 (α) u and, hence, ℓ(u) ≡ ℓ(u ′ ) mod 2. This verifies property (CF2a).
As for (CF2b), observe that there is a bijection (c.f. [CS09, Proposition 3.2.14])
Therefore, we obtain Definition 4.8. We say that a ξ-fibration π ξ is regular if • L v,∼ = L w,∼ for any v ∼ w in V (observe that this implies that L v,∼ does not depend on a choice of a representative so it can be denoted by L [v] ) and for each [ 
Proposition 4.9. Given a regular ξ-fibration π ξ : G → G ∼ , there is a Z[Λ]-module homomorphism between the associated (multiplicative) structure algebras
Proof. We have to show that x β ) = γ∈L [v] x γ β∈N ξ y (−e −ξy(β) ).
Therefore, it reduces to check that Since the fibration is regular, this is equivalent to . x β ) .
Since '∼' is G-compatible, there is a similar bijection j α between the vertices of G [v] and G [w] . We now have to show that
The independence of labels implies that α ∈ L [y] ∪ L [jα(y)] . Hence, we are reduced to show that
The latter follows since ξ jα(y)
Replacing x γ by γ and Z[Λ] by S * (Λ) in Definition 4.8 and in Proposition 4.9 the same proof (where e γ is replaced by 1) gives the similar result for the structure algebras Z a associated to S * (Λ):
Corollary 4.10. Given a regular ξ-fibration π ξ : G → G ∼ , there is a S * (Λ)-module homomorphism between the associated (additive) structure algebras
where z y ∈ S * (Λ).
Corollary 4.11 (Projection formula). In the hypothesis of Proposition 4.9 we have
. In other words, the push-forward π ξ * is a homomorphism of Z m (G ∼ )-modules. for G ∼ consist of linearly independent labels. Suppose also that we have a collection ξ = {ξ y } of automorphisms of Λ satisfying (2). Then we are in the hypothesis of the proposition and there is the induced homomorphism of Z[Λ]modules π ξ * : Z m (G) → Z m (G ∼ ). Combining it with the induced pull-back we obtain the group homomorphism (π idΛ ) * • π ξ * : Z m (G) −→ Z m (G) which we call the push-pull operator on the moment graph G.
In the case of a special matching of the Weyl group induced by right multiplication by a simple reflection s and ξ taken from Example 3.5, the above composition will give the classical divided difference operator.
The Chern character and the Riemann-Roch Theorem
In the present section we introduce the Chern character between structure algebras of moment graphs. We study its properties with respect to characteristic maps, pull-backs and forgetful maps. We state and prove our main result -the analogue of the Riemann-Roch theorem for moment graphs. 
It is a ring homomorphism which we call a (truncated) Chern character.
Observe that under this map
so ch i (I j m ) ⊂ I j a for all j ≤ i and, therefore, there is an induced graded ring homomorphism ch i : gr ≤i m (Λ) → gr ≤i a (Λ) Q which becomes an isomorphism after tensoring the left hand side with Q.
Since ch i (x λ ) ∈ λS ≤i Q (Λ), ch i preserves the relations in the definition of the structure algebra. So we obtain Proposition 5.1. Let G = (V, ≤), l : E → Λ ∅ be a moment graph. Then the direct sum ⊕ v∈V ch i : ⊕ v∈V Z[Λ] → ⊕ v∈V S ≤i Q (Λ) of the maps ch i restricts to a ring homomorphism (called the localized Chern character) ch i : Z m (G) → Z ≤i a (G) Q , where the latter is the truncated structure algebra with Q-coefficients.
5.2.
Forgetful, characteristic maps and pull-backs. We now show that the localized Chern character commutes with characteristic, forgetful maps and pullbacks. Our first observation is the following Lemma 5.2. The localized Chern character on the structure algebras of G respects the ξ-characteristic map, i.e.
As both functor S * (−) and Z[−] and ch i are functorial with respect to automorphisms ξ x of the lattice Λ, the lemma follows.
As in [LZ19] we denote by Z(G) the quotient of Z(G) modulo the ideal IZ(G) (here Z(G) is viewed as a S-module) and call it the augmented structure algebra. The quotient map ρ : Z(G) → Z(G) is called the forgetful map. We have Lemma 5.3. The localized Chern character on structure algebras respects the forgetful map, i.e.
where ch i denotes the restricted class.
Proof. Since the Chern character preserves the augmentation ideal, the result follows.
Finally, let f : G → G ′ be a morphism of oriented graphs which satisfies the hypothesis of Lemma 3.6. Consider the induced pull-back map on the structure algebras f ξ * : Z(G ′ ) → Z(G). By definition, we then have Lemma 5.4. The localized Chern character respects the pull-backs, i.e. we have
i is the respective Chern character for the moment graph G ′ . 5.3. The Riemann-Roch type theorem. Suppose now we are in the hypotheses of Proposition 4.9, i.e. we are given a regular ξ-fibration π ξ : G → G ∼ of moment graphs with a distinguished point e ∈ V . So that there is the induced push-forward π ξ * : Z(G) → Z(G ∼ ). We then define the ξ-Todd genus of the fibration π ξ to be the truncation
We have the following Riemann-Roch type theorem for ξ-fibrations on moment graphs:
Theorem 5.5. For any z ∈ Z m (G) we have π ξ * ch i (z) · td ξ i (G) = ch i (π ξ * (z)).
Proof. It is enough to prove it on fibres G [v] , [v] ∈ V ∼ . Recall that the map π ξ * is given on the fibre by
y∈ [v] sgn(y)z y β∈N ξ y e −ξy(β)
Since ch i is a ring homomorphism and ch i (x γ ) = γ, we obtain
On the other side we obtain
The result then follows.
Remark 5.6. The formula of Theorem 5.5 can be viewed as the moment graph analogue of [Pa04, Corollary 2.5.5] where the ξ-Todd genus of the ξ-fibration corresponds to td ch (T X ) of loc.cit.
The case of Kac-Moody flag varieties
In the present section we show that all Examples 2.3, 2.10, 3.5, 4.2, 4.5 and, finally, 4.12 can be extended to the Kac-Moody settings (i.e., to possibly infinite Weyl groups), so that our main result Theorem 5.5 holds for the T -equivariant K-theory and Chow groups of Kac-Moody flag varieties. 6.1. Preliminaries and notation. We introduce notation and list basic properties of the root datum associated to a generalized Cartan matrix. We follow closely [KK90, (1.1) and (1.2)]:
Let A := (a ij ) 1≤i,j≤l be a generalized Cartan matrix (i.e., a ii = 2, −a ij ∈ Z + for all i = j, where Z + is the set of nonnegative integers, and a ij = 0 ⇔ a ji = 0). Choose a triple (h, Π, Π ∨ ), unique up to isomorphism, where h is a complex vector space of dimension 2l − rkA,
are linearly independent sets satisfying α j (h i ) = a ij . Such a triple we call the root datum corresponding to the generalized Cartan matrix A.
Let g = g(A) be the Kac-Moody Lie algebra associated to A as in [KK90, §1] . So that h is the Cartan subalgebra of g and there is the root space decomposition
is called the set of positive roots. Define ∆ − = −∆ + and call it the set of negative roots. Define ∆ = ∆ + ∪ ∆ − and call it the set of roots. The roots {α i } 1≤i≤l are called the simple roots and the elements h i , 1 ≤ i ≤ l are called the simple coroots.
Associated to (g, h) there is the Weyl group W ⊂ Aut(h * ), generated by the simple reflections s i , 1 ≤ i ≤ l, where
The group W is the Coxeter group on generators s i , 1 ≤ i ≤ l. For i = j, the order m ij of s i s j equals to 2, 3, 4, 6, ∞ when a ij a ji is 0, 1, 2, 3, ≥ 4, respectively. We denote by ≤ the Bruhat order on W and by ℓ : W → Z + the length function. The Weyl group preserves ∆.
Define the subset of real roots to be
For any α = w(α i ) ∈ Φ, the associated the reflection is 6.3. The forgetful map. We now explain the construction of the forgetful map in the context of localization. We assume for simplicity Θ = ∅.
Consider the Q W action on Q defined by The image of this map is denoted ǫY . Consider g ∈ Ψ. It can be viewed as an element of Hom S (Y, S) as follows: if we write g = (s w ) w , then g : d = w q w δ w → w q w s w ∈ S.
We define the forgetful map ρ : Ψ → ǫΨ = Hom R (ǫY, R) by Let y * w be the Q-linear dual of y w . The set {y * w } w forms an S-basis of Ψ. By definition the forgetful map ρ sends y * Iw to ǫy v → ǫ(y * w (y v )) = δ w,v which is the R-dual of ǫy w . Hence, it maps
where {ǫy * w } w is the R-basis of ǫΨ. Therefore, we can identify ǫΨ with the quotient Ψ/IΨ = Z ⊗ S Ψ so that ρ turns into the quotient map by [KK90, Thm.3.28] ρ : K T (G/B) −→ K(G/B).
As before, this description can be extended to the parabolic situation in which case we obtain the forgetful map ρ : K T (G/P Θ ) −→ K(G/P Θ ).
6.4. The equivariant Riemann-Roch type formula. Following to [HHH] we may identify the invariant subring Ψ Θ and, hence, the T -equivariant K-theory K T (G/P Θ ), with the structure algebra Z m (G) of the corresponding (parabolic) moment graph G = G(W Θ ), where W Θ is the subset of minimal left coset representatives of W/W Θ as in Example 2.3. Observe that the similar identification between the structure algebra Z a (G) and the T -equivariant Chow ring CH T (G/P Θ ) is also well-known.
Modulo all these identifications we obtain the following consequences of Proposition 5.1 and Lemma 5.3: Corollary 6.1. The localized Chern character ch i on the structure algebras of G(W Θ ) defines the the respective localized Chern character .
We set ξ to act by elements of W as in Example 3.5. Then by Example 4.12 there is the ξ-fibration G(W ) → G(W Θ ) which is regular by [CZZ, Lemma 2.2], since Λ is the Demazure lattice. We have −ξ y (β) = −y(β) = vu(−β), where y = vu, v ∈ W Θ and u ∈ W Θ . So and we obtain the following consequence of Theorem 5.5:
Corollary 6.2. For any z ∈ K T (G/P Θ ) we have π ξ * ch i (z) · td ξ i (G) = ch i (π ξ * (z)).
